
A New Adaptive Linear Multiuser Detector Based
On Approximate Negentropy Minimization

Sooyong Choi and Te-Won Lee
INC, University of California, San Diego, 9500 Gilman Dr., La Jolla, CA 92093-0523, USA

Email: sychoi@ucsd.edu and tewon@ucsd.edu, Telephone: (858) 822–4058, Fax: (858) 534–2014

Abstract— In this paper, we introduce an information theoretic
learning method as a new approach to multiuser detection.
We propose a new adaptive linear multiuser detector based
on approximate negentropy minimization of the output error
and investigate its characteristics and performance. Negentropy
includes higher order statistical information and its minimiza-
tion provides improved converge and performance compared
to traditional methods such as minimum mean squared error.
The proposed algorithm is derived under the assumption that
a Gaussian variable has the largest entropy among all random
variables of unit variance and hence a normalization process
is required. Simulation experiments show that our multiuser
detector has similar bit error rate (BER) characteristics to the
least BER multiuser detector. Furthermore, the proposed detector
has faster convergence speed than the LBER detector. 1

I. I NTRODUCTION

Linear multiuser detectors such as the minimum mean
square error (MMSE) and decorrelating multiuser detectors
play important roles in enhancing the capacity of future wire-
less code-division multiple-access (CDMA) communication
systems. They can be implemented in simple manners, give
good performance and achieve optimal near-far resistance, and
hence, both are worst-case optimal linear multiuser detector
[1] while they do not provide the optimal solution in terms
of the bit error rate (BER) performance [2]-[5]. Therefore,
many new algorithms and structures have been proposed for
multiuser detections and equalizations [2]-[6].

Among them, many researchers have tried to directly min-
imize BER for multiuser detection in direct-sequence (DS)
CDMA systems [2]-[5]. Adaptive least BER (LBER) linear
multiuser detector for DS-CDMA signals in multipath chan-
nels using the kernel density estimation of the BER as a
smooth function of the training data was proposed in [5]. This
minimum-BER algorithm outperformed an existing LMS-style
minimum-BER algorithm called approximate minimum BER
(AMBER) proposed in [3] in terms of convergence speed and
steady-state BER.

In this paper, we present a new adaptive linear multiuser
detector based on approximate negentropy minimization of
the output error and investigate its characteristics and perfor-
mance. In [7], the pioneering and unique work on the adaptive
receiver using entropy in digital communication systems is first
shown for channel equalization methods. However, high-order

1This work was supported by the Post-doctoral Fellowship Program of
Korea Science� Engineering Foundation (KOSEF)

b1(k)

b2(k)

bN(k)

↑ M

↑ M

↑ M

s1

s2

H(z)

sN

∑.
.
.

Spectral spreading

∑

AWGN

r(k)

Chip rate
sampling

Fig. 1. Simplified discrete-time model for synchronous CDMA downlink
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and the channel intersymbol interference (ISI) span
 depends
on the length of the CIR�� related to the length of the
spreading sequence� [3], [5].

B. Linear Multiuser Detector

Consider the linear multiuser detector given by
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the weight vector for the�th user’s linear detector. Let the
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and let� � 
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� be the�th element�
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free received signal states� 
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1) MMSE Linear Multiuser Detector: The MMSE solution
for the�th user’s linear multiuser detector given in (1) is
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where� � is the�th column of� [5], [8]. Therefore, the error
probability of the linear multiuser detector is given by [5], [8]
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and under the assumption that� 
 , � � � � ��, are
equiprobable, the probability density function (pdf) of the
signed decision variable,�� � � 	 
 � , is given by�
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2) Least BER Linear Multiuser Detector [5]: In this sub-
section, adaptive LBER linear multiuser detector proposed
in [5] is briefly explained. A least mean square (LMS)-
style adaptive LBER algorithm for linear multiuser detec-
tor can be obtained using kernel density estimation. A
point estimate of the pdf is obtained at time� simply by
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Using instantaneous or stochastic gradient	
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rescaling after each update to ensure
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a LMS-style algorithm
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which is called the LBER algorithm.

III. A N EW LINEAR MULTIUSER DETECTORBASED ON

NEGENTROPYMINIMIZATION

A. Entropy and Negentropy

The entropy� of a continuous random variable� which is
the error of the linear multiuser detector with density�� � � � is
called differential entropy and is defined as [9], [10]:� � �� �

�

�

�� � � � ��� �� � � � ��. Differential entropy can be interpreted
as a measure of randomness in the same way as entropy.

Differential entropy remains mainly theoretical quantities.
In practice, the general entropy term is computationally in-
tractable and approximations have to be used. We introduce
a nonpolynomial approximation of negentropy presented in
[10] and derive adaptive algorithm using this approximated
negentropy term. A measure that is zero for a Gaussian
variable and always nonnegative can be simply obtained from
a differential entropy measure, callednegentropy defined as:
� � � � � � � � ����� � � � � � � where� ����� is a Gaussian random
vector of the same covariance matrix� as � . Its entropy can
be evaluated as� � � ����� � �
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where� is the dimension of� [9], [10].

B. Approximation of Negentropy [10]

Assume that we have observed a number of expectations of
�, of the form
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and the density�� � � � of � is near the standardized Gaussian
density
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The maximum entropy methods [10], [11], [12] provide
the concept of entropy. The maximum entropy method tell
us that under some regularity conditions, the density� � � � �

which satisfies the constraints in (6) and has maximum entropy
among all such densities, has a form of
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where� and&� are constants that are obtained from using the
constraints in (6), and the constraint

�

�� � � � �� � � . These are
very complex and difficult� � � nonlinear equations to solve
and hence, numerical methods had better be used.

The functions � in (6) and (8) can be polynomials or non-
polynomials. We can also assume that� has zero mean and
unit variance. Therefore, we obtain two additional constraints
in (6) given by ���

� � � � �� ����
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� � . Let us make an another assumption that we can
make the functions �� � � � � 
 � � � � � � an orthogonal system
according to the metric defined by$� � � in (7) by some method
such as ordinary Gram-Schmidt orthonormalization, and hence
the functions � are orthogonal to all polynomials of second
degree as follow;
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Under the assumption of near-Gaussianity, we can make a
first-order approximation of the exponential function due to the
fact that all other&� in (8) are very small compared to&���




� � '
 since the exponential in (8) is not far from�
�� � � � '
� .
Therefore, we can obtain the approximate maximum entropy
density given by
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Therefore, the estimated entropy is given from (10) by
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From (11), ����� � �� 
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 and some algebraic
manipulations, we obtain
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Note that even in cases where this approximation is not
very accurate, (12) can be used to construct a measure of
nongaussianity that is consistent in the sense that (12) has its
minimum value, 0, when� has a Gaussian distribution. This
is because according to the letter part of (9) with� � � , we
have� �  �

� � � � � � .
A simple case of (10) is obtained if one uses two functions

(
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and (
�

, which are chosen so that(
�

is odd and(
�

is even. The odd function estimates the asymmetry, and the
even function estimates the dimension of bimodality vs. peak
at zero, closely related to sub- vs. super-Gaussianity. In this
special case, The approximation in (12) simplifies to
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where �

�

and �
�

are positive constants for normalization,
and ) is a Gaussian random variable with zero mean and
unit variance. An example of choices for(

�

is the Gaussian

function, which can be considered as the log-density of a
distribution with infinitely heavy tails:(

�

� �� � �
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For measuring asymmetry, one might use, on more heuristic
grounds, the following function:(
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is smooth and robust against outliers. Using these(
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C. Global Minimization and Adaptive Algorithm

From (14), we can easily obtain the instantaneous gradient
of (14) for the*th weight
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and the second derivative
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since� � � 
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� � � from the assumption that� is a
Gaussian random variable with zero mean and unit variance
and from (15)� and#� are independent each other. Therefore,
the second derivative of the proposed criterion function, the
negentropy function of error, is nonnegative everywhere and
always convex.

From (15), we obtain the following gradient descent algo-
rithm for the*th weight,��:
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where� is the input of the linear multiuser detector and we
call the linear multiuser detector using (17)NEGMIN.

IV. SIMULATION RESULTS

Computer simulations on the same example as shown in
[5] were conducted to investigate the convergence speed and
steady-state performance of the NEGMIN in terms of BER,
which is a 4-user DS-CDMA system with 8 chips per infor-
mation symbol in a channel given by� � � � � � %� � � %� � � �

�

� %� � � � under the perfect power control case. The spreading
codes for the four users were�� � � � � � � � � � � � � � � � � � �� ,
�� � � � � � � � � � � � � � � � � � �� , �� � � � � � � � � � � � � � � � � � �� and
�� � � � � � � � � � � � � � � � � � �� , respectively.



The MMSE, AMBER, LBER and NEGMIN linear mul-
tiuser detectors were compared in this paper. The BER per-
formance of the MMSE detector was obtained from (3) and
(4). Parameters for adaptive linear multiuser detectors were as
follows; for the AMBER, learning rate of 0.1 and threshold
value of 0.8 were used, for the LBER using (5), learning rate of
0.0001 was used and the exact noise variance of
 �

� was used
for � �

�, and for NEGMIN, learning rate of 0.0001 is used. All
simulation results are averaged over 50 independent runs. We
compared the final steady-state BER performance. Therefore,
BERs were obtained after sufficient training was performed
until there was no BER performance variation according to
the number of training iterations (symbols).

A. NEGMIN Algorithm Normalization

The negentropy of error in (14) and NEGMIN algorithm in
(17) have been derived under the assumption thata Gaussian
variable has the largest entropy among all random variables of
unit variance. Therefore, before a multiuser detection process,
error should be normalized to have unit variance. It is not
possible to know the variance of error random variable before
filtering. Even if possible, it needs supplementary and complex
preprocess such as channel and noise estimation, and may
introduce additional distortions to the error random variables.
Therefore we use another method. Since the error variance or
MSE should be larger than zero,� � � �

� � � �� �� � � �

�

� � � %� ,
and we consider the BPSK symbols, the mean of square
of the NEGMIN output is given by� � � �

� � � %� . Since
� � � � � � , the variance of the NEGMIN output is given by

 �


 � � � � �

� � � %� . Therefore, we normalize the cost function
(14) to make the variance of detector output larger than 1.0
by a proper choice of the normalization parameters,�

�

or �
�

.
Fig. 2 show the BER performance in (a) and output

variances in (b) for the 1st user’s multiuser detector using
the NEGMIN algorithm according to various values of the
normalization parameter,�

�

, when SNR = 15dB. The proposed
NEGMIN multiuser detector has the output variances larger
than unity when the normalization parameter�

�

has a value
between 9.4 to 9.6. The proposed NEGMIN has the best BER
performance with those�

�

values. The NEGMIN multiuser
detector provides better BER performance than the MMSE
multiuser detector even if the normalization process is not
conducted in case for user 1. It is also known Fig. 2 that this
process can be achieved by adjusting only�

�

not together with
�

�

. If we consider other channels or communication system,
�

�

should have other values and�
�

should be adjusted to make
the variance of output larger than unity.

B. Performance Comparison of Linear Multiuser Detectors

Fig. 3 shows BER performance of the LBER and NEGMIN
with �

�

of 9.5 (NEGMIN:9.5) according to the number of
training iterations (symbols). The NEGMIN:9.5 shows faster
convergence speed for user 2 and for user 4 than the LBER
detector in terms of BER. The convergence curve of the
NEGMIN with �

�

of 7.413 was omitted since there was no
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Fig. 2. (a) BER performance and (b) output variance of the 1st user’s
NEGMIN multiuser detector with various values of�� when SNR = 15dB.
The NEGMIN detector has the output variances larger than unity when the
normalization parameter�� has a value between 9.4 to 9.6 and the best BER
performance with those�� values
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Fig. 3. BER convergence speed of the LBER and NEGMIN with�� � ���,
in a 4-user DS-CDMA system for (a) user 3 and (b) user 4.
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Fig. 4. BER performance of the MMSE, AMBER, LBER, and NEGMINs
in a 4-user DS-CDMA system with 8 chips per information symbol and a
three-path channel for (a) user 1, (b) user 3, and (c) user 2 and user 4.

difference between NEGMIN and NEGMIN:9.5 in terms of
BER convergence speed.

Fig. 4 (a)-(c) show BER performance of the MMSE, AM-
BER, LBER, NEGMIN and NEGMIN:9.5 linear multiuser
detectors in a 4-user DS-CDMA system with 8 chips per
information symbol for user 1, user 3, and user 3 and user
4, respectively. The NEGMIN with�

�

(NEGMIN) of 7.413
is the case of not being normalized and the NEGMIN:9.5
is the case of being normalized. The proposed NEGMIN:9.5
shows similar BER performance to the LBER and better
performance for user 1 and user 3 than the MMSE. For user

2 and 4, all linear multiuser detectors show almost the same
BER performance. For user 1 and user 3, the NEGMIN:9.5
linear multiuser detector provides more than 3dB gain over
the MMSE linear multiuser detector at BER =��

� � . It is
also known that BER performance of the NEGMIN detector
without normalization process shows better than or, at least,
almost the same performance as the MMSE detector.

V. CONCLUSION

In this paper, we introduced an information theoretic learn-
ing method for multiuser detection in a DS-CDMA system.
This approach is new to communication system research area
as the authors know. Simulation experiments show that our
adaptive linear multiuser detector has similar steady-state BER
performance to the LBER multiuser detector. In terms of
BER convergence speed, the NEGMIN algorithm is faster
than the LBER algorithm. The LBER needs the estimation
process for the radius parameter related to the noise standard
deviation while the proposed method needs the normalization
process of output variance. Negentropy is a measure that is
zero for a Gaussian variable and always nonnegative, and a
function of pdf for a considered random variable. Negentropy
includes higher order statistical information. Therefore, the
multiuser detector based on negentropy makes use of more
information and its minimization provides improved converge,
performance and accuracy compared to traditional methods
such as the MMSE detector. This suggest that the proposed
NEGMIN linear multiuser detector is very attractive over the
MMSE multiuser detector and a feasible alternative to the
multiuser detectors based on BER minimization.
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